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Uncertainty in the Measurement Process
Steve Ellison, NML at LGC, Guildford, UK

Introduction

• Principles of the ISO Guide to the Expression of Uncertainty 
in Measurement

• The introduction of MU in chemical measurement

• The evolution of measurement uncertainty

• Decisions with uncertainty – conformity assessment 

• A look forward
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The GUM - Measurement models and ‘propagation of 
uncertainty’

Mathematical form of uncertainty

𝒚 measurement result

𝒙𝒊 parameter affecting 
analytical result 𝒚

𝑦 = 𝑓(𝑥ଵ, 𝑥ଶ, … , 𝑥௡)

Sometimes called a 
“measurement model” or 
“measurement equation”
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Measurement result y

Input parameter 𝑥௜

y

Uncertainty propagation

xi

𝑦 = 𝑓(𝑥௜, … )

Measurement result y

Input parameter 𝑥௜

u(xi)

ui(y)

Uncertainty propagation

𝑢𝑖 𝑦 ≈ gradient  𝑢(𝑥𝑖)

sensitivity
coefficient

𝑢௜ ௬ ≈
𝜕𝑦

𝜕𝑥
× 𝑢 𝑥௜
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Mathematical form of uncertainty

𝑦 measurement result

𝑥௜ parameter affecting 
analytical result 𝒚

𝑢 𝑦 = ෍
𝜕𝑦

𝜕𝑥௜

ଶ

𝑢 𝑥௜
ଶ

௡

௜

sensitivity
coefficient

𝑦 = 𝑓(𝑥ଵ, 𝑥ଶ, … , 𝑥௡)

𝑢(𝑥௜) uncertainty in 𝒙𝒊

𝑢௜(𝑦) uncertainty in 𝒚 due to 
uncertainty in 𝒙𝒊

𝜕𝑦/𝜕𝑥௜ Partial differential – a 
gradient

The “law of propagation 
of uncertainty”

Other key features of the GUM

• Adoption of INC-1 1980 Recommendations
̶ The uncertainty in the result of a measurement generally consists of several 

components which may be grouped into two categories according to the way 
in which their numerical value is estimated:

A. those which are evaluated by statistical methods

B. those which are evaluated by other means

̶ The combined uncertainty should be characterized by the numerical value 
obtained by applying the usual method for the combination of variances.

NB: No simple correspondence between categories A or B and ... “random” and 
“systematic”

Type A and Type B are 
treated in the same way
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The first Eurachem guide

•

Development of the first Eurachem 
guide

• Begun c. 1992-3 in the new MU working 
group of a young Eurachem

• Initial draft adopted the principles of the 
(then) draft ISO TAG 4 document

• Closely followed the ‘law of propagation of 
uncertainty’

• Provided a process 

• Provided worked examples from analytical 
chemistry

• Published in 1995
̶ with intent to gather experience and review
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Emerging problems

Problems implementing the ISO Guide 
approach

• Difficult to write an equation that includes all influence factors
̶ what about sample clean-up conditions, recovery of analyte from 

matrix, instrument conditions, interferences….

• Challenging to evaluate individual uncertainty components

• Process is too time consuming and unworkable in routine 
testing laboratories
̶ a ‘reasonable estimation’ is required
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Comparing u with sR

0
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1E-091E-071E-051E-031E-01

Concentration (w/w)

R
S

D

Standard uncertainty RSD(Horwitz) Coll. Trial RSD

Laboratory 
uncertainties 
using GUM 
tended to be 
smaller than 
reproducibility 
SD at lower 
concentrations

Additional problems

• Uncertainties dependent on level
̶ No guidance on how to handle ‘top down’ uncertainties expressed as 

RSD

• Uncertainties near detection limits
̶ Should results and uncertainties be reported below LOD?
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Developments in MU evaluation

1995-2012

Cause-and-effect analysis

Accreditation 
and Quality 
Assurance 
1998
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Cause-and-effect analysis

Cause-and-effect analysis
“Reconciliation” – what have we covered?

Experiment:
Recovery for 
representative 
matrices, levels 
(replicated) 

Analytical
result



Sample
weight

BalanceGC

GC ratio

Ratio

IS
area

Sample peak
area

GC
Response

factor

IS Concentration

Weight
used

Standard
volume

Repeatability

Flask
Calibration

Temperature

Purity

IS Volume

Pipette
volume

Repeatability Calibration

Temperature

Balance
calibration

linearity
Buoyancy
correction

Internal Standard 
weight

“Recovery”


 








Repeatability

Calibration















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Top-down evaluation with additional 
effects

MU

Precision
(long term)

Bias
uncertainty

Other
effects

•“Physical” uncertainties
usually negligible

•Chemical effects need
study

•Good reference 
needed

A simple spreadsheet method

Kragten,
Analyst
1994
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x u
m 100 2 102 100 100 100 100
V T 100 0.1 100 100.1 100 100 100
α 0.001 0.001 0.001 0.001 0.001 0.001
T 25 1.15 25 25 25 26.15 25
T 0 25 25 25 25 25 25

C 1 0.020 1.02 0.999001 1 1.00115 1
0.02 -0.001 0 0.00115 0

0.0004 9.98E-07 0 1.32E-06 0
Differences

Kragten’s method

Diff2
Combined
uncertainty

Spreadsheet implementation

Details in QUAM

Recalculation

x+u(x)

GUM Supplement 1 (JCGM 101)

̶ Evaluation of measurement data — Supplement 1 to the “Guide to the 
expression of uncertainty in measurement” — Propagation of distributions 
using a Monte Carlo method

Illustrations from 
JCGM:101, Figures 
2 & 3
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New approaches to uncertainty near 
LOD

DOI: 10.1039/b518084h

QUAM:2012 - The Third edition

• Included
̶ Dealing with uncertainties dependent on level
̶ Clear guidance permitting use of validation data
̶ Guidance on cause-and-effect analysis
̶ Guidance on numerical methods 
̶ All examples use cause-and-effect analysis and 

Kragten calculation
̶ Use of Monte Carlo Simulation (MCS) 
̶ Basic guidance on results and uncertainties near LOD

“The ideal is accordingly to report valid 
observations and their associated uncertainty 
regardless of the values.”
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Dealing with uncertainties 
dependent on level

• Classical solution• Bayesian solution

Additions in 3rd edition (2012)

Monte Carlo examples Uncertainties near zero
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Conformity decisions and 
measurement uncertainty

 

Basic use of limits

( i )
Result 

above limit

( v )( ii )
Result  

above limit 

( iv )
Result 

below limit
Result 

below limit

 
( iii )

Result 
at limit

?

Need additional 
information to deal 

with case (iii)Upper 
control 
limit
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( iv )
Result 

below limit
but within

uncertainty

Basic guidance

Need additional 
information to deal 
with cases (ii) - (iv)

( i )
Result 

above limit

( v )( ii )
Result  

above limit 
but within 
uncertainty

Result 
below limit

( iii )
Result 
at limit

and within
uncertainty

?  ? ?

Upper 
control 
limit

Consistent 
decisions
need rules
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ISO/IEC 17025:2017

• Decision rule:

“rule that describes how measurement uncertainty is 
accounted for when stating conformity with a specified 

requirement”

• §7.1.3: “When the customer requests a statement of 
conformity…the decision rule shall be clearly defined.”

Example of a decision rule

• A result equal to or above the upper limit implies non-
compliance 
– result below the limit implies compliance

“Simple acceptance”

Also called 
“shared risk”

31

32



17MU WORKSHOP 1109
© 2019 LGC  Limited

Decision rules can 
control probabilities of 

false decisions

Probability of compliance

UPPER LIMIT

Observed value

Compliance
probability
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Probability of compliance

UPPER LIMIT

Observed value

Compliance
probability

95%

A “Guard 
band”

Acceptance
zone

?  ? ?    
Guard band

Stringent 
acceptance

( iv )
Result 

below limit
but within

uncertainty

How does a Guard Band 
simplify interpretation?

( i )
Result 

above limit

( v )( ii )
Result  

above limit 
but within 
uncertainty

Result 
below limit

( iii )
Result 
at limit

and within
uncertainty

Upper 
control 
limit

Guard band based on 
expanded uncertainty

at limit
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Guard band
Stringent 

acceptance

Acceptance
zone

   

How does a Guard Band 
simplify interpretation?

( iv )
Outside 

Acceptance
zone

( i )
Outside 

Acceptance
zone

( v )
Inside 

Acceptance
zone

( ii )
Outside 

Acceptance
zone

( iii )
Outside 

Acceptance
zone

Upper 
control 
limit

Simple conclusions based 
on measured value

Detailed guidance on conformity 
assessment

• Published as supplementary to QUAM

• Introduced ‘new’ ideas
̶ Decision rules

̶ Guard bands

̶ Decisions under relative uncertainty

̶ Producer and Consumer Risk
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2013 – 2025: Evolution continues

The Uncertainty Factor

• Introduced in the Eurachem guide on 
Uncertainty from Sampling (2nd Edition)

• Gives an asymmetric interval 

• Useful for large relative uncertainty with 
approximately lognormally distributed 
uncertainty

Accred Qual Assur (2015) 20:153–155
DOI 10.1007/s00769-015-1115-6

log

exp
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Bayes applied to Measurement 
Uncertainty

Prior for


Likelihood
from x

+

Posterior
for 

i) The mean
shifts

ii) The distribution
differs

MCMC example 2: 
Constant RSD - SD proportional to 

• Concentration: not below zero

• Common observation: standard deviation 
proportional to true value

-0.5 0.0 0.5 1.0 1.5

Example data

Observed value
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MCMC results: 

i) Fixed standard deviation ii) Proportional standard deviation

x

D
e

n
si

ty
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4

Outstanding problems
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Asymmetry – What does it mean for 
conformity assessment?

• Real processes can have different distributions

• Does this affect conformity assessment using MU?
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Asymmetry – What does it mean for 
conformity assessment?
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Skewed t(4)

Producer risks

low.false.reject high.false.reject

0 0,00020,00040,00060,0008 0,001 0,00120,0014

Normal
Skewed t(4)

Consumer risks

low.false.accept high.false.accept
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Measurement result y

Input parameter 𝑥௜

u(xi)

ui(y)

Linearity – How linear is ‘linear 
enough’?

The Future
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Further MU guidance from Eurachem

• New guidance on MU from validation data
̶ QUAM gives general guidance

̶ New guide gives a detailed procedure

• Future guidance in QUAM
̶ Uncertainty factors

̶ Asymmetry – cautionary guidance

̶ Non-linearity – cautionary guidance

̶ Bayesian methods ??

Conclusion

Measurement Uncertainty
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Conclusion

Measurement Uncertainty
- Not the mountain it once was
- ... But work still to do
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