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   Rietveld Refinement

Minimize the residual functionGOAL

wi = 1
yi obs( )

yi obs( ) =  observed intensity at the i th  step

yi calc( ) =  calculated intensity at the i th  step
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  X-ray Diffraction on Mars
   Rietveld Analysis
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Information we take from powder X-ray 
diffraction pattern



  Information provided by a powder X-ray diffraction pattern

Peak positions

  Related with the dimension of the unit cell


Unit cell parameters

Space group

Peak positions

Peak intensities

Profile width and  
            shape

Background

What kind of 
information can we 
extract from a 
powder pattern?




  Information provided by a powder X-ray diffraction pattern

Peak intensities

  Related with the content of the unit cell


Crystal structure determination

Quantitative analysis of phases

Peak positions

Peak intensities

Profile width and  
            shape

Background

What kind of 
information can we 
extract from a 
powder pattern?




  Information provided by a powder X-ray diffraction pattern

Profile width and shape

Instrument contributions

Microstructure (PO, stress, strain)

Peak positions

Peak intensities

Profile width and  
            shape

Background

What kind of 
information can we 
extract from a 
powder pattern?




  Information provided by a powder X-ray diffraction pattern

Background

Scattering from sample environment (air, 
sample holder)

Amorphous phase amounts, "degree of 
crystallinity"

Peak positions

Peak intensities

Profile width and  
            shape

Background

What kind of 
information can we 
extract from a 
powder pattern?




  Pattern Decomposition - Intensity Extraction
In the 1980’s, with the advent of computer technology, two methods have been proposed to overcome 
this limitation in powder diffraction:

Pawley method (1980)

 


 

Le Bail method (1988)
Diffraction profiles fitted with the following parameters:


• I(hkl)  - Intensity of each reflection with indices hkl;

• a, b, c, alfa, beta, gamma  - Unit-cell metric tensor 

parameters;

• 2θzero - Instrumental zero error;

• U,V,W  - Peak-width parameters;

• η, etc.  - Other peak-shape parameters.


Every reflection is assumed to have (i) a peak position and 
the 2θ zero error, (ii) a peak width determined by the resolution 
function parameters U, V, and W, and (ii) a peak intensity 
I(hkl).


This requires typically a (10+N)×(10+N) square matrix, where 
N is the number of symmetry-independent reflections:

- for 200 reflections 170 Kb of computer memory is required;

- for 2000 reflections the memory required for the matrix alone 
will be 16 Mb.

 


 

Diffraction profiles fitted with the following parameters:


• a, b, c, alfa, beta, gamma  - Unit-cell metric tensor 
parameters;


• 2θzero - Instrumental zero error;

• U,V,W  - Peak-width parameters;

• η, etc.  - Other peak-shape parameters.


The intensities of the individual peaks are no longer treated 
as least-squares parameters and are never refined. 
Consequently, each cycle of least-squares is very fast 
since the matrix remains small.

The Le Bail method is faster and permits the quick probing 
of various possible space groups. 

It lacks important information such as intensities and eds. 
The method permitted a fast growth of the techniques 
associated with structure solution from powder data.

Both methods intrinsically have a problem with peaks that severely overlap



  Single-Crystals vs Powder X-ray diffraction: Reflection Overlap

Adapted with permission of Professor Lynne McCusker (ETH, Zurich)

Reflection 

overlap 

problem



  Pattern Decomposition - Peak Overlap

ID31 – Powder

X’Pert MPD Philips 

28 29 30 31
Ananias et al., Chemistry of Materials (2008), 
Volume 20, Page 205-212

Solving a structure from powder data 
requires the extraction hkl and intensity 
values.  Peak overlapping 

introduces errors 

in the process:



Crystal Structure Determination 
and 

Rietveld Refinement 



  Crystal Structure Determination and Rietveld Refinement
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Diagram by:
Dr. Lynne McCusker 

(ETH, Zurich)

Structure Solution

 


 

 Single-Crystal Methods (early 1990s) 
 Use of the measured reciprocal space data: |F|2 values 


• Direct Methods - measures the magnitude of F and not its 
phase. Phases have a higher "information" content than 
amplitudes: more than 50% of the information is lost. 
Direct methods attempt to determine the phases directly 
from the observed amplitudes.


• Patterson Synthesis  - peaks correspond to the vector 
distances between atoms. Useful in single-crystal 
diffraction but limited in powder.


 Direct Space Methods (late 1990s) 
 Concerned with the position and conformation of the  
 molecules (or individual atoms/ions) within the unit cell


• Simulated Annealing

• Monte Carlo 

• Evolutionary methods



 


  Crystal Structure Determination and Rietveld Refinement
   Structure Solution - Direct Space Methods

Intuitive and strongly based of prior chemical information: atomic connectivity, chemical composition, specific 
bond angles and lengths, etc


Adjustable parameters are in the real space instead of the reciprocal space

PROCEDURE


- Trial crystal structure by randomly positioning and orienting individual atoms, molecular fragments or complete 
molecules taking into account (known or guessed) space group information


- After calculating diffraction data and comparing it against the measured diffraction data, parameters of the model 
are adjusted in order to maximise the level of agreement between the observed and calculated data by minimising

χ 2 = wi yi obs( )− yi calc( )⎡⎣ ⎤⎦
i
∑

2
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2



 


  Crystal Structure Determination and Rietveld Refinement
   Structure Solution - Direct Space Methods

Intuitive and strongly based of prior chemical information: atomic connectivity, chemical composition, specific 
bond angles and lengths, etc


Adjustable parameters are in the real space instead of the reciprocal space

PROCEDURE


- Trial crystal structure by randomly positioning and orienting individual atoms, molecular fragments or complete 
molecules taking into account (known or guessed) space group information


- After calculating diffraction data and comparing it against the measured diffraction data, parameters of the model 
are adjusted in order to maximise the level of agreement between the observed and calculated data by minimising

χ 2 = wi yi obs( )− yi calc( )⎡⎣ ⎤⎦
i
∑

2
+wp penalties∑

ANTI-BUMP penalty

 

Needs to be used with caution since may hinder the simulated annealing process

ABi = rij − r0( )2

∑  for rij < r0  and i ≠ j

ABi = 0 for rij ≥ r0  

1

2

rij = parameter for atoms i  and j



  Crystal Structure Determination and Rietveld Refinement
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Rietveld Refinement

 


The Rietveld approach refines specific parameters defined by 
the user in order to minimize the difference between an 
experimental pattern (observed data) and a crystallographic 
model based plus any additional instrumental parameters 
(calculated pattern) 


It can be used for quantitative phase identification, lattice 
parameter and crystallite size calculations, and determine 
atom positions and occupancies 




  Crystal Structure Determination and Rietveld Refinement
   Rietveld Refinement

Minimize the residual functionGOAL

wi = 1
yi obs( )

yi obs( ) =  observed intensity at the i th  step

yi calc( ) =  calculated intensity at the i th  step

wi yi obs( )− yi calc( )⎡⎣ ⎤⎦
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Scale Factor
SF: beam intensity
fj: volume fraction

Vj:cell volume

Structure Factor

Lorentz Polarization Factor

Preferred Orientation

Volume absorptionWith the value of the intensity calculated being given by:



What can go wrong?

A (personal) Rietveld story…



  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138

  2D → 2D by Calcination: an Infinite Phosphonate-Based Organic Linker



  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138

  2D MOF:  [La(H3nmp)]

Planar lanthanum oxide layer 
decorated by the H3nmp3- linkers: each 
{LaO9} polyhedron is edge or corner-
shared to another 4 adjacent ones

Orthorhombic, Pca21
a = 9.1762(3) Å
b = 11.7369(4) Å
c = 9.8340(3) Å
Volume = 1059.12(6) Å3



  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138

  Thermal Stability Studies of [La(H3nmp)]



  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138

  A possible Model for [La(L)]: a 3D MOF

Orthorhombic, Pca21
a = 9.7660(6) Å, b = 11.3438(3) Å
c = 8.7307(5) Å, Volume = 967.21(8) Å3

Lanthanum 
oxide layers

1D infinite organic 
linker based on a 
pyrophosphonate 

bonds

L3- = [–(PO3CH2)2(NH)(CH2PO2)O½–]n3n-



  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138

  From 2D to 3D: Structural Transformation

Orthorhombic, Pca21
a = 9.7660(6) Å, b = 11.3438(3) Å
c = 8.7307(5) Å, Volume = 967.21(8) Å3

Lanthanum 
oxide layers

1D infinite organic 
linker based on a 
pyrophosphonate 

bonds

L3- = [–(PO3CH2)2(NH)(CH2PO2)O½–]n3n-

[La(H3nmp)] 
(2D; initial phase)

to
[La(L)] 

(3D; final phase) 



  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138

  A possible Model for [La(L)]: a 2D MOF

Orthorhombic, Pca21
a = 8.7247(5) Å, 
b = 11.3493(3) Å
c = 9.7728(6) Å
Volume = 967.69(8) Å3

Lanthanum 
oxide layers

1D infinite organic 
linker based on a 
pyrophosphonate 

bonds

L3- = [–(PO3CH2)2(NH)(CH2PO2)–]n3n-



  From 2D to 2D: Structural Transformation

  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138

[La(H3nmp)] 
(2D; initial phase)

to
[La(L)] 

(2D; final phase) 



  Which one?
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[La(H3nmp)] 
(2D; initial phase)

to
[La(L)] 

(2D; final phase) 

[La(H3nmp)] 
(2D; initial phase)

to
[La(L)] 

(3D; final phase) 



  Which one?
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  Which one?
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  Which one?

  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138



!

  Murphy’s Law

  Paz et al., Acta Crystallographica - Section E (2012), Volume E68, Pages m294-m295
  Paz et al., Journal of Chemical Crystallography (2013), Volume 43, Pages 165-170

Changes in the synthesis route:

- Use of lanthanide oxide and the  
   metal source

- Use of static hydrothermal  
   synthesis

!"> 300 ºC



  From 2D to 2D: Structural Transformation

  Journal of the American Chemical Society (2011), Volume 133, Pages 15120-15138

[La(H3nmp)] 
(2D; initial phase)

to
[La(L)] 

(2D; final phase) 



You will 
make 

mistakes, 
even


when being 
extremely 
careful… 

Take home this:
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  The Rietveld Method

Hugo M. Rietveld
(1932-2016)
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  The Rietveld Method

Hugo M. Rietveld
(1932-2016)



  The Rietveld Method

Hugo M. Rietveld
(1932-2016)

• First proposed for neutron diffraction in 1969 being 
indicated as a diffraction pattern analysis using a 
procedure to fit curves.

• Applied to X-ray diffraction in the 1970s and then to 
quantitative phase analysis in the 1980s.



  The Rietveld Method - Applications

Hugo M. Rietveld
(1932-2016)

• Crystal structure refinement

• Crystal structure determination

• Phase identification and quantification

• Microstructure analysis



  Cement Industry

Strength 
Workability
Resistance to chemical attack
Colour (manufacture of white 
cement)

Portland-limestone cements are the most widely used cements in Europe  
Limestone is widely used in all other European common cement types as 0-5% minor additional 
constituents

 

Key properties of cement

  Dhanjal & Young & Storer, Cement Industry Technical Conference (2006), IEEE, 8978522
  De la Torre & Aranda, Journal of Applied Crystallography (2003), Volume 36, Pages 1169-1176

Properties governed 
by mineral content


not composition


Influences 
burnability of raw 
feed and 
grindability of raw 
materials

On-line quality control requires 
measurements in real time of 

the quantities

C3S (Alite)
C2S (Belite)
C4AF (Ferrite)
C3A (Celite)
CaSO4.2H2O
CaSO4.0.5H2O

Anhydrous 
cement 
clinker

Added to control 
setting time



  Cement Industry
Portland-limestone cements are the most widely used cements in Europe  
Limestone is widely used in all other European common cement types as 0-5% minor additional 
constituents

  Dhanjal & Young & Storer, Cement Industry Technical Conference (2006), IEEE, 8978522
  De la Torre & Aranda, Journal of Applied Crystallography (2003), Volume 36, Pages 1169-1176

On-line quality control requires 
measurements in real time

Information on elemental composition which 
can be used to infer mineralogical 
composition by means of Bogue calculations 

  X-ray Fluorescence

Disadvantages

‣Lack of thermodynamical equilibrium 

‣Does not take into account the elemental 

substitutions in a given phase

‣Relative changes can not be monitoredContinuous XRD analysis provides the 

ability to control processes ‘on-line’
Rietveld method is the most auspicious 
alternative to control on-line the production 
process 

 

  X-ray Diffraction



  Cement Industry

  Dhanjal & Young & Storer, Cement Industry Technical Conference (2006), IEEE, 8978522
  De la Torre & Aranda, Journal of Applied Crystallography (2003), Volume 36, Pages 1169-1176

   X-ray Diffraction

Powder X-ray diffraction pattern of a typical cement

C3S (Alite)
C2S (Belite)
C4AF (Ferrite)
C3A (Celite)
CaO
Ca(OH)2

CaCO3

CaSO4.2H2O
CaSO4.0.5H2O

Rietveld analysis based on 
powder X-ray diffraction allows 
for the complete mineralogical 
analysis of cement :

Problems in the 
quantification



  Cement Industry

  Dhanjal & Young & Storer, Cement Industry Technical Conference (2006), IEEE, 8978522
  De la Torre & Aranda, Journal of Applied Crystallography (2003), Volume 36, Pages 1169-1176

   X-ray Diffraction

Online powder X-ray diffraction patterns of a  
continuous cement production

Online continuous 
systems work for fixed 

and predictable 
mineral compositions


And if mineral 
composition varies?

Intervention required of a 
Rietveld expert

Phase identification



  Rietveld Refinement Guidelines



  Rietveld Refinement Guidelines



  Rietveld Refinement Guidelines



  The Rietveld Method
The Rietveld method consists in refining a crystal structure model my 
minimising the weighted squared difference between the observed and the 
calculated pattern against the parameter vector β

GOAL

with{ }22

1
( )

n

i i ci
i
w y yc b

=

= -å 2
1
i

iw s
=

2
is is the variance of the observed yi

The optimization method is based on Least Squares
• The least squares procedure provides (when it converges) the value of the parameters 

constituting the local minimum closest to the starting point

• Good starting values for all parameters is strongly required: the importance of a good starting 

model!

• If the starting model is poor for some reason the procedure will not converge



  The Rietveld Method

Condition for the Least Squares Algorithm
2

0¶
=

¶
c
b

ITERATIVE PROCESS

A Taylor expansion of yci (β) around β0 is used
The shifts applied to the parameters at each cycle are obtained by solving a linear 
system of equations (normal equations)

01 0= + bb b d
The new parameters are the starting ones in the next cycle and the process is 
repeated until a convergence criterion is satisfied.



  The Rietveld Algorithm
Scheme by:
Juan Carvajal
(ILL, Grenoble)



  R Factors



  R Factors
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  R Factors

Reduced chi-squared

2
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R
Rnc
é ù
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exp

R
S

R
= Goodness-of-fit

• The sums over “i” may be extended to solely the regions containing Bragg reflections

• Rp and Rwp may contain or not the background



  Strategy for Setting up a (Good) Rietveld Refinement

Use the best possible starting model for the chemical problem
This can be done by properly selecting the background, have a good indexing of 
the powder pattern and find the most suitable space group

• Collect all the information you can gather on your sample: physical and chemical

• Sets of different unit cell parameters and/or space groups need to be tested to 
guarantee a good level of confidence

• Have the best possible powder pattern to be studied: it is important to understand 
the limitations and advantages of the instrument that was used

• Do not start by refining all parameters at once! Some are more important affecting 
strongly the residuals while others only lead to small improvements.



  Strategy for Setting up a (Good) Rietveld Refinement

Possible Sequence for Rietveld Refinement
1 - Scale factor
2 - Zero point
3 - Background parameters and lattice constants
4 - Atomic positions
5 - Peak shape and asymmetry parameters
6 - Atom occupancies if required by the atomic model
(7 - Displacement parameters)
8 - Microstructural parameters: size and strain effects

Constant Monitoring of the Refinement is required
Visual examination of the difference pattern is a quick and efficient method to detect 
problems in the model or in the refinement process. 
Its behaviour may give useful hints on the sequence to refine the whole set of model 
parameters for each particular case



  Strategy for Setting up a (Good) Rietveld Refinement

• Refinement of complex structures typically requires very good resolution and the 
absence of systematic errors

• Rietveld refinement may be more difficult than solving the structure itself because of 
the intrinsic loss of information in powder diffraction compared to single crystals

• Good idea: try to employ constraints/restraints, even if the Rietveld refinement is 
worse

‣ Constraints: reduce the number of free parameters (e.g., rigid body 
refinements)

‣ Restraints: same number of free parameters plus additional 
observations (allowing some interatomic distances and/or angles to 
vary between some min and max limits) 



Another (recent) story…



  Simple work: you just do a Rietveld refinement for a paper… 
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  Simple work: you just do a Rietveld refinement for a paper… 
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