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Structure Determination

Crystal h, k, l, I, σ(I) ρ(x,y,z) Structure

Phases α(hkl)



The Diffraction Experiment



The Diffraction Experiment

h, k, l Miller indices
I(h,k,l) intensity
σI(hkl)   error in I



The Structure Factor Equation



The Structure Factor Equation

F(hkl) = Σj fj e2πi(hxj+kyj+lzj)

The calculation of F(hkl) from a structure (xj,yj,zj) is nothing but a summation 
of the waves originating from each atom (j) in the direction defined by (hkl).

It is important to note that every atom of the structure contributes to each 
and every reflection of the diffraction pattern.



The Structure Factor Equation

Atomic form factor fj

Phase α(hkl)

Structure factor amplitude
|F(hkl)| ∝ I(hkl)1/2

F(hkl) = |F(hkl)| eiα(hkl)  = Σj fj e2πi(hxj+kyj+lzj)



The Structure Factor Equation



Structure Factor Equation - Summary

 If we know the structure of the protein in a given crystal represented  
by (fj,xj,yj,zj,Bj), we can calculate the diffraction pattern exactly. 

 The calculated structure factor amplitudes and phases are typically
referred to as |Fcalc(hkl)| and αcalc(hkl). 



The Electron Density Equation

Phase α(hkl)

Structure factor amplitude
|F(hkl)| ∝ I(hkl)1/2

ρ(x,y,z) = 1/V Σhkl |F(hkl)| eiα(hkl) e-2πi(hx+ky+lz)



The Electron Density Equation

The electron density ρ(x,y,z) is a three-dimensional function (with the unit e/Å3), 
which describes where in the unit cell of the crystal the electrons (and therefore 
the atoms) are. It is basically the image of the structure we want to determine.

It is important to note that every reflection (hkl) of the diffraction pattern 
contributes to the electron density ρ at each and every position (xyz) in the 
unit cell of the crystal.

ρ(x,y,z) = 1/V Σhkl |F(hkl)| eiα(hkl) e-2πi(hx+ky+lz)



The Phase Problem

I(hkl) ∝ F(hkl) ⋅ F*(hkl) 

= |F(hkl)| eiα(hkl) ⋅ |F(hkl)| e-iα(hkl) 

= |F(hkl)|2

From the diffraction pattern, we can only obtain the intensities I(hkl) 
of the reflections (hkl). 

The phases α(hkl) cannot be measured.



Structure Determination Methods

• Molecular Replacement (MR)



Structure Determination Methods

• Isomorphous replacement (SIR, MIR)

• Anomalous scattering (SAD, MAD, SIRAS, MIRAS)

• Radiation-damage induced phasing (RIP, RIPAS)

• Molecular Replacement (MR)



The Molecular Replacement (MR) Method

Molecular replacement can be used to solve a structure when a search 
structure is available.

When the search structure can be correctly oriented and positioned 
(6 parameters), it can be used as a starting point for phase calculation.



The Molecular Replacement (MR) Method

Rotation Function
RF(αβγ)

Exp. Patterson Map

Model Patterson Map



The Molecular Replacement (MR) Method

Rotation Function
RF(αβγ)

Translation search

TF(xyz)

Exp. Patterson Map

Model Patterson Map

Model Patterson

Exp. Patterson



The Search Model



Information and Structure in Biology



The Search Model

• Proteins, which share a similar amino acid sequence, 
exhibit a similar three-dimensional structure



The Search Model

• Proteins, which share a similar amino acid sequence, 
exhibit a similar three-dimensional structure

• Prediction of the three-dimensional structure of a 
protein from ist amino acid sequence (AlphaFold2)



The Molecular Replacement (MR) Method

Molecular replacement can be used to solve a structure when a search 
structure is available.

When the search structure can be correctly oriented and positioned 
(6 parameters), it can be used as a starting point for phase calculation.

The search structure can either be a homologous structure (from the PDB), 
identified based on amino acid sequence similarity, or a structure predicted 
by AlphaFold2.



The “Other” Methods

SIR: Single isomorphous replacement

MIR: Multiple isomorphous replacement

MAD: Multiple wavelength anomalous dispersion

SAD: Single wavelength anomalous dispersion

SIRAS: Single isomorphous replacement with anomalous scattering

MIRAS: Multiple isomorphous replacement with anomalous scattering

RIP: Radiation-damage induced phasing

RIPAS: Radiation-damage induced phasing with anomalous scattering



The “Other” Methods

All these methods have in common that data from more than one 
crystal or from more than one wavelength are compared to one another.

By doing this, the initial step is reduced to the determination of the 
(heavy atom, anomalously scattering, sulfur) substructure.



Experimental Approaches

 Soaking or co-crystallization with heavy atom compounds

 Quick-soaking with highly soluble ions (Br-, Rb+, …)

 Pressurization using noble gases (Kr, Xe)

 Covalent modification of proteins (Met  SeMet) or DNA (T  Br-U)

 Utilization of naturally present metals (Fe, Zn, Cu, …)

 Collecting data at different wavelengths

 Collecting data at long wavelengths (λ ≈ 2.0 Å)

 Modifying the crystal by exposure to X-rays or UV



Protein Solution

Publication, …

Structure (xi,yi,zi,Bi)

Electron density ρ(x,y,z)

αP

a, b, c, α, β,  γ, symmetry, 
solvent content, # mol./a.u.

h, k, l, |FP|

Heavy Atom Derivative

Crystals

h, k, l, |FPH|

h, k, l, |Fcalc|, αcalc

A Flowchart of a Crystal Structure Determination



Isomorphous Replacement

h, k, l, |FP(hkl)|

h, k, l, |FPH(hkl)|

αP(hkl)



Isomorphous Replacement

Step 1: put |FP(hkl)| and |FPH(hkl)| on the same scale

( R = 100 • Σhkl | |FPH| - |FP| | / Σhkl |FP| )



Isomorphous Replacement

Step 1: put |FP(hkl)| and |FPH(hkl)| on the same scale

( R = 100 • Σhkl | |FPH| - |FP| | / Σhkl |FP| )

Step 2 : determine the positions of the heavy atoms ( FH )

from the differences ( |FPH(hkl)| - |FP(hkl)| )              



Isomorphous Replacement

Step 1: put |FP(hkl)| and |FPH(hkl)| on the same scale

( R = 100 • Σhkl | |FPH| - |FP| | / Σhkl |FP| )

Step 2 : determine the positions of the heavy atoms ( FH )

from the differences ( |FPH(hkl)| - |FP(hkl)| )              

Step 3 : calculate αP(hkl) from |FP(hkl)|, |FPH(hkl)| and FH



Harker Construction - SIR

FP + FH = FPH

FP = -FH + FPH



Harker Construction - SIR



Harker Construction - SIR

Instead of one value for αP(hkl) we obtain two possibilities
 phase ambiguity

How can this be made unambiguous ?
 a second heavy atom derivative (MIR)



Harker Construction - MIR



Harker Construction - SIR

Instead of one value for αP(hkl) we obtain two possibilities
 phase ambiguity

How can this be made unambiguous ?
 a second heavy atom derivative (MIR)
 density modification



Desnity Modification

Density Modification is a technique that uses additional information 
to improve an electron density



Desnity Modification

Density Modification is a technique that uses additional information 
to improve an electron density

 solvent flattening



Solvent Flattening



Density Modification



Desnity Modification

Density Modification is a technique that uses additional information 
to improve an electron density

 solvent flattening
 non-crystallographic symmetry averaging
 histogram matching
 map interpretation and refinement



Harker Construction - SIR

Instead of one value for αP(hkl) we obtain two possibilities
 phase ambiguity

How can this be made unambiguous ?
 a second heavy atom derivative (MIR)
 density modification
 incorporation of anomalous scattering (SIRAS)



Harker Construction - SIR

Instead of one value for αP(hkl) we obtain two possibilities
 phase ambiguity

How can this be made unambiguous ?
 a second heavy atom derivative (MIR)
 density modification
 incorporation of anomalous scattering (SIRAS)
 second derivative plus anomalous scattering (MIRAS)



Anomalous Scattering



Normal Scattering - 1

aka Elastic Scattering or Thomson Scattering or Scattering without Loss of 
Energy

An X-ray wave impinges on an atom and causes the electrons to oscillate 
in the same frequency as the incoming X-ray wave.



Normal Scattering -2 

The amplitude of the scattered 
wave depends on the number 
of electrons and the scattering 
angle

f(s) is a scalar function, dependent only on the atom type and scattering angle 2θ

f(s) is the atomic form factor

The moving electrons emanate X-rays in all directions of space



Normal Scattering -3 

since ρ(r) = ρ(-r)    f(s) = f(-s), this results eventually in Friedel’s Law

|F(hkl)| = |F(-h-k-l)|

α(hkl) = - α(-h-k-l)



Anomalous Scattering - 1

When the energy of the incident X-ray wave is close to an elemental absorption edge, 
something else happens in addition.

In addition to being scattered elastically, the incident X-ray wave is absorbed. It can then 
be re-emitted or it can eject a core electron (photoelectric effect). Subsequently, a higher-
shell electron then falls back to a lower shell, emitting X-radiation (X-ray fluorescence).



Anomalous Scattering - 2

As a net result of absorption, the scattered wave is retarded and the atomic form 
factor becomes a vectorial quantity.

f o is the normal atomic form factor, ∆f ’ is called the dispersive component and 
∆f ’’ the anomalous component.



Anomalous Scattering - 3

Thus, the total structure factor FPH

contains the normal scattering of 

all atoms FP+FH
0, the dispersive 

component of the anomalously 

scattering atoms ∆FH’ and the 

anomalous component of the 

anomalously scattering atoms 

∆FH’’.



Anomalous Scattering - 4

As consequence of anomalous 
scattering, Friedel’s Law is not 
valid anymore.



Anomalous Scattering - 5

As consequence of anomalous 
scattering, Friedel’s Law is not 
valid anymore.

|F(hkl)| ≠ |F(-h-k-l)|

α(hkl) ≠ - α(-h-k-l)



Anomalous scattering - 6

 The extent of anomalous scattering

depends on the X-ray energy used

 Tunable synchrotron radiation can be 

used to maximize the effect of 

anomalous scattering

 Energies at which anomalous scattering

changes abruptly are called absorption

edges

 Absorption edges are element-specific; 

they also depend a bit on the environment.



Anomalous scattering - 7
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What is this good for?

1. Phase Determination

• e.g. SIRAS (single isomorphous replacement with anomalous scattering)



Harker Construction - SIR

FP + FH = FPH

FP = -FH + FPH



Harker Construction - SIRAS



What is this good for?

1. Phase Determination

2. Structure Validation
Proteinase K: 

2 Ca2+, 
2 K+, 
1 Cl-



What is this good for?

1. Phase Determination

2. Structure Validation

3. Element Identification



What is this good for?

1. Phase Determination

2. Structure Validation

3. Element Identification

4. Determination of the 

Oxidation State of Elements

Lennartz et al. (2022). Acta Cryst. D78, 238-247.



Which Elemental Edges Are Accessible?



The MAD Method

Instead of using two different crystals, we can also collect data from one crystal 
at two (or more) different wavelengths.



The MAD Method



The SAD Method

In principle, two, three or four wavelengths are not needed. 
One should be enough if other information is available, e.g.

possibility for solvent
flattening.

The situation is exactly
analogous to the SIR case.



SIR and SAD



The RIP Method
Radiation damage induced phasing is a relatively new method.

h, k, l, |Fbefore(hkl)|

h, k, l, |Fafter(hkl)|

α(hkl)BURN

The RIP method is in principle applicable to all crystals, which are damaged by X-rays (or UV).



Summary

 Two Fundamental Equations in Crystallography, 

F(hkl) and ρ(x,y,z)

 The Phase Problem

 Normal and Anomalous Scattering

 Determination of ∆f ’ and ∆f ’’

 Phase Determination Methods (MR, SIR(AS), MIR(AS), MAD, SAD, RIP(AS))
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