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From X‐ray diffraction to the first map ‐ recap
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The structure factor ‐ recap

Fhkl is a function of the contents of the unit cell and is the Structure Factor of
the reciprocal lattice point (reflection) with coordinates (indices) h,k,l.

Fhkl  f j exp [2i(hxjkyj lzj)]
j  1

N

Fhkl  Ahkl + iBhkl

with Ahkl  f j cos 2(hxjkyj lzj)
j  1

N

Bhkl  f j sin 2(hxjkyj lzj)
j  1

N

and
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The structure factor ‐ recap

The structure factor is a complex number and is composed of an amplitude
Fhkl and a phase angle hkl:

Fhkl (Ahkl
2  Bhkl

2) 1/2 hkl arc tan (Bhkl/Ahkl)

Experimentally, only diffracted intensities are measured, and the structure
factors cannot be obtained directly:

Ihkl Fhkl2   Fhkl  Fhkl

Therefore, the phase information is lost.
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From first map to structural model  

|Fhkl|, hkl X,Y,Z, B

Initial e.d. map

Model building

Atomic model
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Structure refinement ‐ overview

Once a good starting model is obtained, it is refined, i.e., the structural
parameters describing it are optimized, in order to minimize a target function,
based on a difference between Fo, the observed structure factors, and Fc, the
structure factors calculated from the model.

The refined structural parameters usually consist of:

• 1 overall scale factor between |Fo|and |Fc|

• a small (1‐10) number of parameters to account for some sources of
systematic deviations between |Fo| and |Fc| (e.g., bulk solvent
correction).

• 3 positional and 1 isotropic or 6 anisotropic thermal motion parameters
per atom.
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Structure refinement – the bulk solvent correction

Protein crystals contain between ~30% and ~70% solvent, most of which is
disordered in the solvent channels between the protein molecules of the crystal
lattice (this disordered solvent is denoted as bulk solvent).

If no model for this continuous bulk solvent electron density is taken into
consideration, atomic protein models are artificially placed in a "vacuum"
environment, leading to a vast overestimation of the electron density contrast at
the protein surface. This in turn leads to calculated structure factor amplitudes
which are systematically much larger than the observed structure factor
amplitudes at resolutions below ~5Å.

http://legacy.ccp4.ac.uk/newsletters/newsletter34/bsdk_text.html
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Structure refinement – the bulk solvent correction

http://legacy.ccp4.ac.uk/newsletters/newsletter34/bsdk_text.html

Magnitude of observed structure factor amplitudes (solid line) and calculated
structure factor amplitudes without a bulk solvent correction (dashed line) on an
arbitrary scale against resolution.
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Structure refinement – the bulk solvent correction

http://legacy.ccp4.ac.uk/newsletters/newsletter34/bsdk_text.html

This systematic deviation between observed and calculated structure factor
amplitudes leads to severe problems in scaling, in least‐squares refinement with
its assumption of Gaussian error distributions, and in electron density difference
map calculations. In the past, it was common practice to circumvent these
problems by cutting the data at a lower resolution of, say, 6Å.

However, doing so creates distortions of the local electron density contrast in the
protein region. A better solution is to include an appropriate model for the bulk
solvent, thus allowing the use of all data during scaling, refinement, and electron
density difference map calculations.
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Structure refinement – target functions

Most commonly used Target Functions in X‐ray Crystallography:
• Least‐squares

• Maximum Likelihood

where Fc and <|Fo|>cv are calculated from the model.

The structure factor is a non‐linear function of the structural parameters; 
therefore, a solution is found iteratively.
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Structure refinement – target functions

The standard (full‐matrix) least‐squares method used in the refinement of
small‐molecule crystal structures allows the direct estimation of the
standard deviations for the refined structural parameters.

But a macromolecule can have hundreds or even thousands of atoms, so
the full‐matrix method becomes computationally very expensive and
alternative methods for calculating the parameter shifts have been
devised; however, reliable error estimates are no longer available.
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Structure refinement – atomic coordinates

In the structure factor equation, x, y, and z are fractional coordinates, i.e., within
the unit cell their value varies between 0 and 1.

x is the distance along unit cell edge a divided by its value, and the same applies
to y and z.

Atomic coordinates for small molecules are usually stored as fractional
coordinates but the atomic coordinates of macromolecules are normally stored in
a Cartesian coordinate system, and denoted by X, Y and Z, according to some
orthogonalization convention.

Fhkl  f j exp [2i(hxjkyj lzj)]j  1

N
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Structure refinement – the temperature factor  

In a real crystal structure atoms are not static but vibrate about equilibrium
positions.

Simplest approximation ‐ isotropic vibrations:

 the vibration is the same in all directions

 a Gaussian probability distribution function describes motions

The Temperature Factor can be written as:

where <uj> is the mean displacement of the atom about its equilibrium position
and d is the resolution of the reflection hkl.

Bj is the atomic Isotropic Thermal Motion Parameter.

Thkl = exp [‐22(<uj>/d)2] = exp [‐Bj(sin/)2]
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Structure refinement – the temperature factor  

A more realistic approximation ‐ anisotropic vibrations:

 the vibration is NOT the same in all directions

 a triaxial Gaussian probability distribution function describes motions –
assumes that atoms move in a harmonic potential.

The Temperature Factor can be written as:

Thkl = exp [‐22(U11h2a*2+U22k2b*2+U33l2c*2

+U12hka*b*+U13hla*c*+U23klb*c*)]
= exp – (β11h2+ β22k2+ β33l2+ β12hk+ β13hl+ β23kl)
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Structure refinement – the temperature factor  

The Uij = <uiuj>, represent the atomic displacement along the Cartesian i‐axis
multiplied by its displacement along the j‐axis.

The βij are the atomic Anisotropic Thermal Motion Parameters.

The atomic Structure Factor equation then becomes:

Thkl = exp [‐22(U11h2a*2+U22k2b*2+U33l2c*2

+U12hka*b*+U13hla*c*+U23klb*c*)]
= exp – (β11h2+ β22k2+ β33l2+ β12hk+ β13hl+ β23kl)

Fhkl  f j exp [2i(hxjkyj lzj)] Thkl(j)
j  1

N
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Structure refinement – the temperature factor  

In a crystal structure representation:

 Isotropic atoms are represented as spheres with
radius proportional to <u2>1/2 or B1/2

 Anisotropic atoms are represented as ellipsoids
with axial lengths proportional to Uij

1/2 or βij
1/2
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Structure refinement – the temperature factor  

In protein crystal structures it is often possible to consider that large regions of
the molecules vibrate together as rigid bodies: a simplified treatment of the
thermal motion is therefore possible:

The TLS rigid body refinement of anisotropic atomic thermal motion
parameters:

Translation – translation of the fixed point

Libration – rigid body rotation about an axis through a fixed point

Screw – correlation terms between T and L

In this way, it is possible to describe a local anisotropic thermal motion using a
small number of parameters (20) per rigid body group containing many atoms.

Schomaker & Trueblood (1968) Acta Crystallogr. B24, 63‐76.
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Structure refinement – the Wilson plot

The Wilson plot is used to calculate an approximate scale factor to place |Fo| on
an absolute scale and also to obtain an estimation of an overall B‐value for the
crystal structure.

KP <IP> = fj2 exp (‐2BP sin2/2)

Plotting ln (<IP> / fj2) vs. sin2/2

we should obtain a straight line with
slope ‐2BP and intercept –lnKP.

However, at low resolution the plot
deviates significantly from linearity
and only data from ~3Å resolution is
used in practice.
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Structure refinement – stereochemical restraints

An ‐helix in the structure of Cytochrome c” from Methylophilus methylotrophus
Sample from lab of Prof. Helena Santos; 3D Structure at 1.2 Å by Dr. Francisco Enguita

The data resolution influences the level of detail of the electron density map
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Structure refinement – stereochemical restraints

Low resolution: Final map calculated at 3.0 Å resolution and contoured at 1.0 
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Structure refinement – stereochemical restraints

Medium resolution: Final map calculated at 2.5 Å resolution and contoured at 1.0 
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Structure refinement – stereochemical restraints

High resolution: Final map calculated at 1.8 Å resolution and contoured at 1.0 
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Structure refinement – stereochemical restraints

Near atomic resolution: Final map calculated at 1.2 Å resolution and contoured at 1.25 

Which data resolution would be best for refinement? Why?
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Structure refinement – stereochemical restraints

Unlike small molecules, protein crystals seldom diffract to atomic resolution (i.e.,
the individual atoms cannot be clearly resolved in the electron density maps).

Data resolution is related with the number of diffraction intensities that have
been measured.

In any refinement or parameter optimization procedure, it is essential that the
number of observations Nobs largely exceed the number of parameters Np being
optimized.

In small molecule crystal structures, Nobs/Np is usually close to 10.

In protein crystal structures it is usually much lower, and even below 1 at low
(e.g., 3 Å) resolution.
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Structure refinement – stereochemical restraints

For example, the molecule of Hen Egg White Lysozyme contains about 1000
protein non‐hydrogen atoms and a 1.68 Å resolution dataset contains about
13600 reflections. The Nobs/Np ratio is therefore 3.4.

To ensure that the refinement procedure is well‐behaved (i.e., leads to a result
that has chemical significance) it is necessary to include the prior stereochemical
knowledge of amino acids or ligands in the refinement as additional
observations. This prior stereochemical data is given as restraint dictionaries. For
example:

 The typical length of a carbon‐carbon single bond is ca. 1.5 Å.

 The Cn‐Nn‐Cn
α‐Cn+1 dihedral angle must usually be 180° (trans peptide bond)
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Structure refinement – stereochemical restraints

The dictionary information is usually derived from small molecule structures. For
example, this is the chemical bond information for the aminoacid Alanine:

type length e.s.d.
ALA N H single 0.860 0.020
ALA N CA single 1.458 0.019
ALA CA HA single 0.980 0.020
ALA CA CB single 1.521 0.020
ALA CB HB1 single 0.960 0.020
ALA CB HB2 single 0.960 0.020
ALA CB HB3 single 0.960 0.020
ALA CA C single 1.525 0.021
ALA C O deloc 1.231 0.020
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Structure refinement – stereochemical restraints

wa is a weighting term between the purely crystallographic and the
stereochemical terms in the target function.

wa too high – the crystallographic term dominates: loose stereochemical
restraints ‐ a better agreement is reached between |Fo| and |Fc| at the expense
of a poorer model stereochemistry.

wa too low – the stereochemical term dominates: tight stereochemical restraints
– the model stereochemistry is in better agreement with the dictionary values at
the expense of a poorer agreement between |Fo| and |Fc|. Real discrepancies
may be obscured.
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Structure refinement – non‐crystallographic  symmetry

Often, more than one copy of the molecule is present in the asymmetric unit of
the crystal structure and the biological unit may be composed of more than one
monomer.

These monomers may be related by non‐crystallographic symmetry (NCS)
operators (usually pure rotation axes).

In these cases, especially at low resolution [below ca. 2.0 Å] it is advantageous to
restrain the molecular geometries to be reasonably similar, using non‐
crystallographic symmetry restraints.
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Structure refinement – non‐crystallographic  symmetry

NCS may be detected via a self‐rotation Patterson map in spherical polar
coordinates ( or )

http://www.xray.bioc.cam.ac.uk/xray_resources/whitepapers/mr‐in‐action/node4.html
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Structure refinement – non‐crystallographic  symmetry

For example, ferritin from Pyrococcus furiosus crystallizes in the orthorhombic
space group C2221
However, the self‐rotation Patterson Map shows evidence of NCS:
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Structure refinement – non‐crystallographic  symmetry

For example, ferritin from Pyrococcus furiosus crystallizes in the orthorhombic
space group C2221
However, the self‐rotation Patterson Map shows evidence of NCS:
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Structure refinement – non‐crystallographic  symmetry

NCS may also be detected via a least‐squares superposition between the atomic
coordinates of the different independent monomers in the asymmetric unit of
the crystal structure:

For example, the two monomers in the crystal structure of the dimeric di‐hemic
split‐Soret cytochrome c are related by a non‐crystallographic 2‐fold symmetry
axis.

INFO:: coordinates transformed by orthogonal matrix: 
,    0.3573,    0.3407,    0.3573|
|    0.3409,   -0.1091,    0.9338|
|    0.3571,    0.9338,  -0.02125|
(     91.28,    -35.95,     1.004)

Rotation - polar (omega,phi,kappa)  45.6087 69.0672 179.9932
Rotation - euler (alpha,beta,gamma) 69.0623 91.2175 110.9280
Translation - Angstroms             91.2824 -35.9457 1.0037 

INFO: core rmsd achieved: 0.2937 Angstroems
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Structure refinement in practice

Low to medium [1.8 Å] resolution:

 Non‐hydrogen atoms are usually refined with 3 positional and 1 isotropic
thermal motion parameters (4 parameters per atom).

 Hydrogen atoms are not refined but may be included in the model in calculated
positions.

 The most common source of systematic deviation between Fobs and Fcalc is the
bulk solvent correction.

 Limited data resolution forces the inclusion of stereochemical restraints to
avoid unreasonable results ‐ the individual atom positions are not fully resolved
in the electron density maps. Use of NCS restraints is also advantageous.

 At most, isotropic atomic displacement parameters may be refined, and the TLS
approximationmay be useful.
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Structure refinement in practice

Medium [1.8 Å] to high [1.2 Å] resolution:

 Many non‐hydrogen atoms may be refined with 3 positional and 6
anisotropic thermal motion parameters (9 parameters per atom).

 Hydrogen atoms may be refined from calculated positions using the riding
model.

 The most common source of systematic deviation between Fobs and Fcalc is
the bulk solvent correction.

 Inclusion of stereochemical restraints is still necessary to avoid unreasonable
results.

 The use of NCS restraints and the TLS refinement of anisotropic thermal
motion parameters may still be useful, especially in the earlier stages.
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Structure refinement in practice

Very high [1.2 Å or higher] resolution:

 Non‐hydrogen atoms are usually refined with 3 positional and 6 anisotropic
thermal motion parameters (9 parameters per atom).

 Hydrogen atoms may be refined with 3 positional and 1 isotropic thermal
motion parameters (4 parameters per atom). Sometimes it is still necessary
or convenient to refine the structural parameters of the hydrogen atoms
using restraints.

 The most common source of systematic deviation between Fobs and Fcalc is
the bulk solvent correction.

 Stereochemical restraints may still be necessary in some parts of the
structure.
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Structure refinement in practice

Use of Fourier Maps:

The Fo map: Fhklobs coefficients and phases derived from experimental data is
used to build the initial model.

The Fo‐Fc map: Fhklobs  Fhklcalc coefficients and phases from current refined
model is used to find missing atoms from the model during refinement.

The 2Fo‐Fc map: 2Fhklobs  Fhklcalc coefficients and phases from current
refined model is used to inspect electron density of current model.
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Structure refinement in practice

Use of Fourier Maps:

Unlike for small molecules structures, in MX we cannot usually distinguish
between C, N and O atoms based on their electron density, but for heavier
species (metals or ions) The Fo‐Fc map can give us some clues:

Atom with large B
Strong negative peak in Fo‐Fc map
Wrong Z – too many electrons

Atom with small B
Strong positive peak in Fo‐Fc map
Wrong Z – too few electrons

Atom surrounded by
weak positive and

negative peaks in Fo‐Fc map
Anisotropic termal motion
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Structure refinement in practice

Available software:

REFMAC5 in the CCP4 suite 
(https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3069751/)

phenix.refine in the PHENIX suite 
(https://phenix‐online.org/documentation/reference/refinement.html)

SHELXL (https://journals.iucr.org/c/issues/2015/01/00/fa3356/)

BUSTER (http://www.globalphasing.com/buster/)

All are free for academic users
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Completing the model

 2|Fo|‐|Fc| maps are used to inspect the electron density of the current
model.

 |Fo|‐|Fc| maps are used to locate any non‐hydrogen protein atoms missing
from the current model. N.B. It may not be possible to locate all of the non‐
hydrogen protein atoms in the crystal structure due to disorder effects.

 When the non‐hydrogen protein atom model is as complete as possible,
2|Fo|‐|Fc| and |Fo|‐|Fc| maps are used to locate non‐hydrogen solvent
atoms. There should be usually one ordered water molecule per protein
residue. Although this process can be carried out automatically, at
resolutions below 2.2 Å most water molecules are not fully resolved in the
electron density maps, and greater care has to be applied in their
assignment.
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Following refinement progress

The crystallographic R‐factor:

Rcryst = Fhklo  Fhklc/ Fhklo

• For a well‐refined structure from good quality data, the final value of R
should be below 20%. Lower resolution data [below 2.0 Å] may give R values
near 25% while higher resolution data [above 1.5 Å] may give R values near
10%.

• Unless the data extend to atomic resolution, the ratio between the number
of refined parameters and the number of measured structure factor
amplitudes is fairly small (less than 5) and does not ensure sufficient over‐
determination of the structural parameters.
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Following refinement progress

To guard against the risk of over‐fitting the experimental data, the free R‐
factor is used as well. Prior to the start of refinement, the data are divided
into two sets:

• a WORKING set, containing about 95% of the total number of
measured structure factor amplitudes, which will be used in the
refinement and to calculate the Crystallographic R‐factor.

• a TEST set, containing about 5% of the total number of measured
structure factor amplitudes, which will NOT be used in the refinement
butWILL be used to calculate the Rfree, free R‐factor:

 Fhklo
TEST  Fhklc

TEST/ Fhklo
TEST
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Following refinement progress

 Since the TEST set is excluded from the refinement process, the free R‐factor
is higher than the crystallographic R‐factor, by as much as 10%, especially for
lower [below 2.5 Å] resolution data.

 Differences larger than 10%, especially for higher resolution data [above 2.0
Å] should be regarded with suspicion and may be an indication that
something is wrong with the model.

 There is even an example in the literature where it was possible to refine a
protein structure traced backwards into an electron density map to
Rcryst25%. However, the Rfree for this structure was above 60% !

Where freedom is given, liberties are taken ‐ Gerard Kleywegt

MX refinement is never finished, only abandoned – George Sheldrick
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Representing your structure

Atoms Chemical bonds Secondary structure

‐helices

‐sheets

loops

C chain
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The final model

Model Repository: The Protein Data Bank
http://www.rcsb.org/pdb/ or http://www.pdbe.org

To be covered in the next class
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